We report a comparison of the specific-heat measurements on isoelectronic Cu-Zn-Al shape-memory alloys in the parent cubic phase ͑L2 1 ͒ and in the close-packed martensitic phase ͑18R͒. Measurements were made by thermal-relaxation calorimetry over the temperature range 1.9ഛ T ഛ 300 K. For the close-packed martensitic phase we find that the specific heat behaves similarly to that of pure copper which is also close packed. However, we observe deviations from Debye behavior for the cubic phase at low temperatures. This deviation is accounted for by the addition of ϳ5% of Einstein localized modes to the Debye modes. Although the microscopic origin remains unknown, it was anticipated that it is related to the well-known softening of the TA 2 ͓110͔ phonon branch. In order to address this hypothesis an analysis of the lattice heat capacity of the cubic phase was compared to the calculated lattice heat capacity of ␤-brass, as determined by integrating over the phonon density of states. A similar comparison was made between the close-packed phase and ␣-brass.
I. INTRODUCTION
The Cu-based shape-memory alloys ͑SMAs͒ transform from a high-temperature bcc-based phase L2 1 to one of several possible martensitic phases, depending on composition. For the Cu-Zn-Al alloys that are the focus of the present study, the transition proceeds from an open L2 1 to a closepacked 18R phase. 1 The thermodynamic stability at high temperatures of open bcc-based phases is acknowledged to be a consequence of their large vibrational entropy. [2] [3] [4] Zener's 5 connection of the vibrational entropy in bcc materials with low ͑110͓͒110͔ shear resistance led to the Voigt elastic stiffness relation cЈ = ͑c 11 − c 12 ͒ / 2 and two additional findings. The first is that low cЈ values correspond to high vibrational mode entropy S, and they stabilize the bcc crystal structure at high temperatures through the TS term in the Helmholtz free energy F = E − TS. Second, at low temperatures the TS term yields to the energy term E, and the bcc structure transforms to a lower-symmetry structure. This picture has been largely confirmed and shown to be especially adequate for Hume-Rothery SMAs. 1 For these materials it has been suggested that low-energy TA 2 phonons 6, 7 provide the excess of entropy stabilizing the open phase at high temperature. It is interesting that these low-energy phonons correspond to high-amplitude atomic motions associated with the pathway that brings the system from the bcc-based phase to a close-packed structure. Measurements of the elastic constants 8 and the phonon-dispersion relations 9 show the existence of anomalies in the high-temperature phases. In the bcc phases, the transverse acoustic phonon frequencies are observed to soften 1, 10 as the temperature is reduced toward the martensitic transition ͑MT͒ temperature, but generally the softening is incomplete since it is arrested by the phase transition before the phonon frequency reaches zero.
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Recently 12 it has been suggested that Cu-based shapememory materials show an excess of low-frequency modes similar to the boson peak ͑BP͒ in glasses that originates from the anomalous low-energy TA 2 acoustic modes. In general, the BP refers to an excess contribution to the usual Debye density of states observed below 10 meV ͑terahertz frequency range͒. 13, 14 It is commonly revealed by thermodynamic quantities such as the heat capacity ͑C͒, which shows a peak in the scaled C / T 3 vs T representation. This behavior is typically observed in amorphous solids 15 and glasses 16 of all bonding types in the range from 5 to 20 K where lowenergy excitations have been suggested to result from resonant vibrational modes, which originate from disorder ͑in-cluding clustering or fragmentation͒. 15 However, this behavior is not limited to structurally disordered solids, but rather a similar behavior has been reported in a number of crystalline materials 17 including, for instance, ferroelectric materials 18 and negative thermal expansion materials. 19 In these cases the heat capacity was represented by a single Einstein mode. The frequencies obtained from these fits agreed well with phonon anomalies determined by scattering experiments. 6 It was therefore anticipated that the excess of lowfrequency modes in the specific heat observed in Cu-based shape-memory alloys is related to a Van Hove singularity associated with the zone-boundary frequency of the soft TA 2 acoustic branch. In these materials low-frequency modes should be favored by a strong anisotropy of the vibrational properties. Here we report specific-heat measurements for different Cu-Zn-Al shape-memory alloys in the temperature range 1.9ഛ T ഛ 300 K. Single crystals were prepared in such a way that in one composition, Cu 61 Al 15.93 , the MT occurs at 234 K. For the sake of comparison, single-crystal copper was measured because its close-packed structure is close to the 18R structure and also because it is isoelectronic to all of the alloys. Through a detailed analysis of the specific-heat measurements described above we show that ͑a͒ there is a significant contribution to the specific heat from the lowfrequency modes, ͑b͒ in order to evaluate thermodynamic functions it is necessary to account for these modes by fitting the specific heat to a fraction of Einstein modes, ͑c͒ the frequencies obtained to the fits for the L2 1 and 18R are significantly different, and ͑d͒ although the origin of the lowfrequency modes remains unclear we are able to put an energy scale on them.
II. MODELING THE EXCESS HEAT CAPACITY IN SHAPE-MEMORY ALLOYS
We summarize an extension of the simple model introduced previously 12, 20, 21 that will be applied to the specificheat data. We assume localization over a narrow range of energies of the low-energy TA 2 modes. Therefore, these modes can be described by a sum of Einstein terms. Essentially these are peaks in the density of states related to Van Hove singularities in the reduced phonon spectra. Because there are a total of 3N modes, the Debye contributions are reduced when Einstein modes are introduced. The Einstein heat capacities used to represent these soft modes are labeled C Ei with characteristic temperature Ei . The Debye contribution to the specific heat is designated C D with characteristic temperature ⌰ D . The total number of vibrational modes is p, which is the sum of three contributions: p = p D + ͚p Ei + ͚p ELi , where p D are Debye modes, p Ei low-temperature Einstein modes, and p ELi higher-temperature Einstein modes that we add empirically to achieve a better fit to the hightemperature data. These high-frequency Einstein terms have a specific heat C ELi and a characteristic temperature ELi . These modes have ELi over 300 K, so they are easily distinguished from C Ei used to represent the soft modes and do not affect the fit to the low-temperature data. With these three different contributions, the isobaric heat capacity is represented by
where R is the gas constant and ␥T the electronic heat capacity. The Debye heat capacity is given by
and the Einstein heat capacity is
III. EXPERIMENT
Three Cu-Zn-Al alloys of selected compositions were used for the experiments. Single crystals were grown in sealed quartz tubes by the Bridgman method using highpurity ͑99.999%͒ elements. The actual composition of each sample was checked by means of electron-dispersion analysis. The compositions of the samples are given in Table I Al 17.92 . This training consisted in thermal cycling the sample through the transition under a small uniaxial stress that favors one of the variants with respect to the others. Specific-heat measurements 22 were made on small ϳ3-mm-diameter disks of about 1.5 mm thickness. Samples were cut from the single crystals by spark erosion, and the crystallinity was checked by backreflection Laue.
IV. RESULTS AND DISCUSSION
Results of specific-heat measurements for the three CuZn-Al alloys described above are shown in Figs. 1-3 , and copper in Fig. 4 . The fits yielded ␥ and D values for the three alloys and copper that are listed in Table I . The values of ␥ and D are consistent with previously published data for the same alloy family. 23 In particular the composition dependence of D is reproduced. In Fig. 5 we show a detail of the heat capacity of Cu 67.93 Zn 16.14 Al 15.93 in the region of its martensitic transition. Interestingly, a single fit is obtained through the transition. This is consistent with the common point of view 24 that, at this transition temperature, the change of heat capacity at the transition is, if any, very small. 25 The baseline is fitted through the lattice in each phase to illustrate this point. The values found for ␥ are very small, which indicates that these alloys are essentially isoelectronic with copper. Relative to one another the ␥ value for the cubic phase is slightly lower than in the martensitic phase, and therefore the electron contribution to the entropy of the martensite is slightly higher than that of the cubic phase. This finding is in agreement with a previous estimation of the electronic contribution to the transition entropy change in Cu-based shape-memory alloys based on magnetic susceptibility measurements. 26 The vibrational contribution to the heat capacity has been obtained by subtracting the electronic heat capacity from the measured heat capacity, i.e., C vib = ͑C − ␥T͒. In order to reveal the deviations in C vib from pure Debye behavior we have plotted in Fig. 6 ͚C Ei / ͑C − ␥T͒ versus log 10 T for the three alloys. Data for pure copper, 22 which has a fcc structure closely related to the structure of the martensite, have also been included for comparison. For Cu 61.98 Zn 28.04 Al 9.98 , the structure remains cubic down to the lowest temperature measured and an excess heat capacity contribution is clearly observed with a maximum at ϳ12 K. A much smaller and broader peak is also observed at ϳ30 K in Cu 67.93 Zn 16.14 Al 15.93 and Cu 68.91 Zn 13.17 Al 17.92 . Copper also has a peak near the same temperature and serves as a favorable comparison for the martensite phase.
From Fig. 6 the different behavior of the low-temperature heat capacity of parent and martensitic phases in Cu-Zn-Al is evidenced. While the martensitic phase shows the typical behavior of close-packed metallic phases, 27 ,28 strong deviations from pure Debye behavior are observed in the open-FIG. 1. ͑Color͒ Heat capacity as a function of temperature plotted as ͑a͒ C versus T; ͑b͒ C / T versus T; and ͑c͒ C / T 3 versus log 10 T. Each of the three panels emphasizes a different temperature region and demonstrates the validity of the fit using Eq. ͑1͒. The fit parameters are given in ͑c͒. Two Einstein modes, shown in ͑c͒, are necessary to represent the peak centered near ϳ12 K. The average of E1 and E2 is very close to the peak observed in spectroscopic measurements. The sum of the contributions ͑the fit͒ is represented by the black curve; the Debye contribution ͑C D ͒ by the blue curve; and, the low-temperature Einstein contributions by green C E1 and cyan C E2 curves. In ͑a͒ the red and orange curves denote the two Einstein heat capacities C EL1 and C EL2 needed to fit the hightemperature data. structure phase, especially in the low-temperature region where the Debye prediction is in principle expected to apply. This anomalous behavior is essentially related to the weak restoring forces for displacements on the ͕110͖ planes along ͗110͘. These weak restoring forces result in the appearance of Van Hove singularities at low frequencies in the phonon density of states. This is illustrated in Fig. 7 where we compare the g͑͒ / 2 versus in ␤-brass ͑open structure͒, ␣-brass ͑close-packed structure͒, and pure copper. The figure has been produced by digitizing published data. Data for the density of states were obtained by digitizing the data of Ref. 2 ͒ are observed in ␤-brass in a low-frequency region ͑a sharp peak is located at about 6 meV͒. In contrast, ␣-brass behaves very similarly to pure Cu, showing smaller deviations from the Debye model prediction in the low-frequency region.
In Fig. 8 computed by convoluting the phonon densities of states shown in Fig. 7 with the heat capacity of an Einstein oscillator, as earlier shown in Eq. ͑3͒. As shown in Fig. 8 , the temperature and amplitude of the modes calculated from the phonon density of states for copper are in favorable agreement with those measured for the Cu 61.98 Zn 28.04 Al 9.98 SMA. Although an excess heat capacity contribution at the proper temperature is obtained using the ␣-brass phonon density of states the heat capacity below ϳ40 K is much greater. This fact suggests that the low-frequency phonon density of states of the close-packed SMA is quantitatively similar to that of copper, but only qualitatively similar to those for ␣-brass. Likewise, Fig. 9 shows that the excess contribution computed from the density of states of ␤-brass is comparable to that measured for the SMA, suggesting that the two materials have a similar density of states at low frequencies. However, it is clear that an excess appears at an even lower temperature and has a larger amplitude in the SMA than in ␤-brass. Thus the soft modes in the SMA must extend to even lower frequencies than the soft modes in ␤-brass.
The excess heat capacity in the open structure of the shape-memory alloy originates from the low-energy vibrational modes, and the energy as determined from specificheat data compares favorably to the energy of the TA 2 FIG. 6. ͑Color͒ ͚C Ei / ͑C − ␥T͒ plotted versus T to show the Einstein contributions associated with the peaks relative to the total lattice specific heat. The quantity ͚C Ei / ͑C − ␥T͒ is a convenient way to express the excess contribution relative to the total C. Fig. 7 . The temperature and amplitude of the peak calculated from the phonon density of states for copper are in favorable agreement with the measured one. A similar calculation for ␣-brass produces a BP at the proper temperature but the heat capacity below ϳ40 K is much greater. Quantitatively for copper and qualitatively for ␣-brass, all three materials have a similar phonon density of states at low frequencies.
acoustic-phonon branch at the zone boundary. 6 These lowenergy modes represent a small fraction of all modes, with frequencies spanning a relatively small range. To a good approximation, they can be treated as low-energy Einstein modes, and they are responsible for significant deviations of the heat capacity from the expected Debye prediction at low temperatures. In fact, this apparently anomalous behavior seems to be common to a class of crystallographically open ͑bcc-based͒ materials that show an incipient instability with respect to ͑110͓͒110͔ transversal displacements. In the present paper we have shown that a combination of Debye and Einstein expressions is suitable to reproduce the BP behavior in Cu-based shape-memory alloys. Soft modes are described by Einstein term͑s͒, and we have shown that they represent ϳ5% of the total number of vibrational modes. Moreover, our results prove the suitability of the model proposed in Ref. 12 to account for the vibrational properties of Cu-based shape-memory alloys.
The small peak in ͚C Ei / ͑C − ␥T͒ detected in the closepacked phase is reminiscent of the excess heat capacity in the open-structure phase. This result is in agreement with the fact that, in the martensitic state, the phonon branch that is derived from the TA 2 cubic branch has higher energies. However, such a branch is still lower than the other phonon branches in martensites. 1, 32 The Cu-based SMAs are composed of light mass elements and are free-electron-like. Therefore, it is likely that the vibrational entropy of the parent and martensitic phases could be related to geometrical features of open and close-packed structures, which impose different degrees of rigidity by underconstraining or overconstraining atom displacements.
V. CONCLUSIONS
We have measured the low-temperature specific heat in both cubic and martensitic phases of Cu-Zn-Al single crystals. The data have enabled us to compare the vibrational behavior of the two phases. Results show that the alloys behave mostly as free-electron phases in both phases although the vibrational contribution turns out to be very different. While the martensitic phase behaves very similarly to pure Cu, the cubic phase shows a significant concentration of low-frequency modes in the low-temperature region. Many neutron scattering experiments have been performed in Cubased SMAs which show that the TA 2 branch is flat. From the analysis of the heat capacity the average Einstein temperature associated with the boson peak of the cubic phase ͑Fig. 1͒ is ϳ60 K. This temperature is in favorable agreement with the characteristic temperature deduced from the zone-boundary frequency of the TA 2 phonons. For Cu-based shape-memory alloys ប ZB Ӎ 5 meV and the corresponding characteristic temperature ប ZB / k Ӎ 58 K, which is perfectly comparable with the Einstein temperature obtained from specific-heat measurements.
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